Abstract. We determine the radii of certain discs in the Lubin-Tate deformation space of a height 2 formal group over F p . These are the discs of maximal radius on which the Gross-Hopkins map is injective.
Introduction
Let A be a complete discrete valuation ring with finite residue field k of order q where q = p f . We assume the characteristic of quotient field K of A is zero . Fix a prime element π ∈ A. We consider the universal deformation space X = spf R univ of formal A-modulē F of dimension 1 and height 2 overk . The associated rigid-analytic space X = X rig is the wide open unit disc { |u| < 1 }. Let G = Aut A (F ). Then G has a natural action on X.
The Gross-Hopkins Period Map Φ : X → P 1 is G-equivariant, so Φ would be an essential tool for understanding this action, cf. [2] .
In this paper, we will find the distance between any two points that have the same image under Φ . Hence if we fix u 0 ∈ X, we can determine the largest radius r u 0 such that the restriction of Φ to the open disc B 0 (u 0 , r u 0 ) with center u 0 and radius r u 0 is injective. 
Some facts about the Period Map
The coordinate functions φ 0 , φ 1 of Φ = Denote by I i the set of degrees of monomials appearing in φ i for i = 0, 1. i.e. 
It is not hard to see that (1) Φ| 
× acts simply transitively on the quasicanonical lifting of level s. In particular |u 0 | = |π|
The (upper numbering) ramifications subgroups of Gal(M ′ /M) are given by: 
× , we get the corresponding ramification subgroups.
For integers 0 ≤ n ≤ s,
So the (lower numbering) ramifications subgroups are
If g ∈ G (q+1)(q n −1) The (upper numbering) ramifications subgroups of Gal(M ′ /M) are given by:
× . This is because we can find a finite abelian extension M ′′ /M generated by torsion points 
For integers 1 ≤ n ≤ s,
So there are exactly q − 1 quasi-canonical liftings of level s contained in { u : |u −
. . . , and there are exactly q
Remark 3.1.3. Theorem 3.2.1 below generalizes the results of these two cases to any point u 0 in X.
3.2.
General discs. Suppose p > 2 from now on.
Notice that c 1 = ε in [2] . They show that Φ is an etale map and |c 1 (u)| = 1 for all |u| < 1.
The main result of this paper is
(1) The function c q (u) has constant norm |π| −1 γ 2 on the annulus A γ .
Among the roots, there are exactly q i+1 − q i roots in the annulus
And the remaining q s roots are contained in 
where |π|
In particular, Φ is injective on any closed disc
where |u 0 | < 1.
Proof of corollary.
(1) If |u| < |π| 1 q+1 , φ 1 is dominated by its linear term u and φ 0 is dominated by its constant term 1. Hence |Φ(u)| = |u| and for all w with |w| < |π|
(2) If γ = |π| 1 q s +q s−1 where s is odd, then φ 0 is nowhere zero on A γ . Now
Since u 0 is arbitrary in A γ , we get the injectivity.
On the other hand, if γ = |π| 1 q s +q s−1 where s is odd, then φ 1 is nowhere zero on A γ . Now
, and the same argument shows the injectivity. 3.3.1. Outline of the proof. We will discuss the Newton polygon of ψ u (x) = c k (u) x k . To do this, we will find some estimate for c k (u), so we need to understand the monomials in c k (u): ν − k is the degree for a monomial in c k (u) only if there exists µ 0 ∈ I 0 and µ 1 ∈ I 1 s.t. ν = µ 0 + µ 1 and
The numbers t(µ 1 ) and t(µ 0 ) are defined by
where
To analyze c k,ν , namely we can write
by lemma 3.3.2 for some polynomials f k . Lemma 3.3.5 gives the estimate for the 
and must be odd as t(µ 0 ) is even and t(µ 1 ) is odd. Let n(ν) := n = log q (ν) .
If n = n(ν) is odd, then
Proof. Observe that
Notice that n(µ 1 ) = log q (µ 1 ) = n(µ 0 ) = log q (µ 0 ) as n(µ 1 ) is even and n(µ 0 ) is odd.
On the other hand, if
−(an)−(a n−1 +anp)−···−(a β+1 +a β+2 p+···+anp n−β−1 )−iβ = |p| −an(1+p+···+p n−β−1 )−a n−1 (1+p+···+p n−β−2 )−···−a β+1 −iβ .
where a β+1 + a β+2 p + · · · + a n p n−β−1 < i ≤ a β + a β+1 p + · · · + a n p n−β for some
and f
Proof.
(1) Notice that #{ m : 1 ≤ m ≤ k and p j |m } ≤ #{ m : t − k + 1 ≤ m ≤ t and p j |m } Hence a j + a j+1 p + ... + a n p n−j ≤ #{ m : t − k + 1 ≤ m ≤ t and p j |m } when j ≤ n.
Observe that f
Suppose a β+1 + a β+2 p + · · ·+ a n p n−β−1 < i ≤ a β + a β+1 p + · · ·+ a n p n−β for some 0 ≤ β ≤ n. Then #{ m ∈ S : p j |m } ≥ 0 for β < j ≤ n and #{ m ∈ S : p j |m } ≥ a j + a j+1 p + ... + a n p n−j − i for j ≤ β. Hence α∈S α ≤ |p| (a β +a β+1 q+···+anp n−β −i)+(a β−1 +a β q+···+anp n−β+1 −i)+···+(a 1 +a 2 q+···+anp n−1 −i) .
Since |k!| = |p| an+(a n−1 +pan)+···+(a 1 +a 2 p+...anp n−1 ) , therefore
And so
(2) Notice that #{ m : 1 ≤ m ≤ p n and p j |m } = #{ m : t − p n + 1 ≤ m ≤ t and p j |m } for j ≤ n.
In particular there is exactly one integer m 0 , which could be zero, between t − p n + 1 and t that is divisible by p n .
And the other inequality follows from (1).
. . , q n by part (2). Hence
If m = nf for some integer n, then ν ≥ k implies |q n(ν) | ≤ |p| m , so the inequality follows. If nf < m < (n + 1)f , then ν ≥ k implies |q n(ν) | ≤ |q| n+1 < |p| m , so the inequality also follows. (
It is easy to see that if
When n > s s.t. n − s is odd, define
When n > s s.t. n − s is even, define
For all the above cases, we have ν 0 ∈ I 0 + I 1 and
If n > s s.t. n − s is odd, then
If n > s s.t. n − s is even, then
If n > s and n even, then n = 2α 1,
Suppose we also have s is even. Notice that 1 + q + · · · + q s−1 ∈ I 0 and
We have similar treatment for n or s is odd and n > s.
(2) It follows from (1) that the inequality is satisfied for q n ≤ ν ≤ 2 + 2q + · · ·+ 2q n−1 + q n . So it remains to show that if n increases, the term on right hand side of the inequality strictly decreases. This is straight forward to check.
(1) If 0 ≤ n ≤ s or n − s > 0 is even, then c q n has constant norm on A γ and
(1) From lemma 3.3.5(3) and lemma 3.3.8(2), we have
To prove the equality, we observe that in lemma 3.3.8(2), the inequality only holds when ν = ν 0 if 0 ≤ n ≤ s or n − s > 0 is even. And there exists a unique decomposition ν 0 = µ 0,0 + µ 0,1 ∈ I 0 + I 1 . Therefore,
And hence, by lemma 3.3.5(3)
(2) If q n ≤ k < p · q n , then by lemma 3.3.5(3) and lemma 3.3.8(2), we have
Therefore, by lemma 3.3.5(3) and lemma 3.3.8(2),
Remark 3.3.10. The inequality in the above lemma can be improved. For example, if A = Z p and 2 + p < k < p 2 , c k (u) As ≤ |p| −1 u
. This happens when 2 + 2p + · · · + +2p n−1 + p n < k < p n+1 . Another situation happens when ν 0 < k < 2 + 2p + · · · + 2p n−1 + p n for n − s > 2. Then c k,ν 0 must be zero, so the inequality is not sharp. For parts (2) , (3), and (4), we will consider the Newton polygon for ψ u 0 (x) for some u 0 with |u 0 | = γ. .
Fix an element u 0 ∈ A γ . By lemma 3.3.9(1), |c q n (u 0 )| = c q n Aγ for n ≤ s.
) and with two infinite edges given by the line segments: x = 1, y ≥ 0 and
Since |π| 1 q s +q s−1 = γ, S u 0 is a convex polygon, i.e. the slopes of the edges are increasing:
By lemma 3.3.9, the Newton polygon S 
So in particular, (2) follows.
We can factorize ψ u 0 (x) as
where p u 0 (x), q u 0 (x) are monic polynomials over C p and g u 0 (x) is an analytic function over C p that is defined on { |x| < 1 } s.t.
(1) p u 0 has degree (q To finish the proof of the theorem, we only need to show that |q u 0 (0)| = γ deg(qu 0 ) , as the largest possible norm for the roots is γ.
First, We know that |p
Second, for the sup norm · { |x|≤γ } ,
as g u 0 has multiplicative inverse. Since φ 0 and φ 1 do not share any critical radii,
1+q+···+q s as it is a monic polynomial with all the roots contained in { |x| ≤ γ }.
Therefore, |q u 0 (0)| = |π|γ −q s−1 = γ q s , since γ = |π| Remark 4.0.13. About the group action of G on the universal deformation space X, we will discuss it in a forthcoming paper.
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